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o 'meaningful mathematics inst uction. Much of the literature on/ the de—

tthe formal properties of n mber, such as the cardinal property of number,

. the ordinal property of number, and conservation .of number. /Mathematics
/ . . .,_. . . . /
7 : *educators frequently cite these formalfpropertiesfdf numberZ particularly

,as‘studied in the Piagetian tradition, as the psychological‘foundation'on

>

which nathematics education should be based. We wish to suggest, how- = °

- éver;'that the fundameﬁtal psi?hological basis of number concepts may be:
_ " "the relation of aumbers to quantity. BN o . ,
S8 : . ¢ . , . . . s ’ . AR
’ 4* Tn contrast to the developmental literature, studies of number concepts
<L ,using college studénts as subjects have rarely focused on the formal proper—>
= o ; ‘ : o,
: : - v . s
“ties of number.: Researchers have addressed questions such as "How, are

‘

numbers represented in memory?' and "How are number symbols compared?"”
_uvhoyer‘and Landauer 11967) haue argued. that numbers are represented and -

cbmpared in a manner analogous to stimuli from physical.continua such as

ﬁlength or brightness; ’Thismconclusion was basedgon,the performance of

. . o«
. .college ‘students on a judgment of numerical inequality Eask. In this

task, subjects were presented a series of slides which contained two
| R . .

single'digit numberS'and were asked to push a button under the numerically‘

’

'larger of the two digits as quickly as possible.

b ' ot
Educa&ed adults can tell which of two digits is the numerically

. larger with virtualvcﬂgaainty. When -asked to‘introspect about the
- ! : N - ') . .
: b . . . ;
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L processes involved in such a judgme?; most adults report that they "Just ... -

know. However, reliable patterns of response times, from which comparison

/

processes can be inferred, are observed in this task.rJFigure 1 shows the

decision times in theijudgment of numerical inequality task as a function ’

°

of the difference between'the digits for college student subﬁects. Pairs

adjacent in the number series‘haye a differer/e oE one; 2 versus 6 has a

“Sifference'of‘&, etc. Note thatfdecision times are inversely related.to

"the numerical difference between‘the digits. Thd'data presented in Figure

!

v

. 1 are from our replication of Moyer and Landauer js task, but they?conform _
. : . - ' “» -
‘ , quite closely to what Moyer and Landauer observed. '

Moyer and Landauer pointed out that this pautern of data is the same .
/ ; - e

as that observed when subjects’compare stimuli which vaxy on physical con-

tinua. Judgments of 1nequality for line length for the pitch of tones,
ay / . v

and for brfghtness, for example@ require longér times as the differences

between the stimuli on the continuum to be Judged decrease. In«psycho—’

phy51cal judgments,\decisign times also vary with the ratio of the values

NN

" of; the stimuli. Thus, for a,given difference, pairs of stimuli with a

-

larger ratio between’theiﬁm&alues would be compared more quickly. If the

LY -

, "similarity- beQWeen psychophy51cal judgments amd number Judgments hold

then the comparisonwof 3 vs 4 should be made more quickly than 7 vs 8

and 2 vs 4 should be compared more quickly than & _vs 6. This relationship

T

« was also obsergfd in the judgment of numerical inequality task.
1

A

e ‘ Although the error rate in this task s low the pattern of errors

°

_is'similar to the pattern of decision times, with the highest number of
. , - \ - > s
o errers on pairs with the slowest decision times, those which are adjacent
v .“ \ ' : .

in- the number sekies.”'This pattern rules out an explination of the

i

4.




dec

ijon times based on.a speed-accuracy trade%off.

Moyer’and Landauer.explored a number of equations for describing these
|
ti es in psychophysical judgment, such as the Welford equation. Thus,

" they argued, the comparison process used must be similar to the process

in memory as,analogue magnitudes. Thus, 1if theunumber'"3" is represented
\ o A ight. This description is quite unlike one based on the formal properties
f number;'although presumablyjthese coliege student subjects had knowledge '
f the formal properties of number. ’ ‘ ‘ |
The major purpose of our study was to examine how children represent
and compare number symbols. In order to address this question, we repli-
cated Moyer and Landauer's procedures witn college students,‘children‘who 3
|had recently completed kindergarten, first grade%vthird grade and fifth
grade, as well as a group of pre-school children who would enter\kinder—
garten in the upcoming school year. Twelve indiv1duals were tested at
each grade leuel._ The supjects sat in front.of a panel which contained
two response buttons and a rear- progection screen. The task consisted of

144 trials. Each of the 36 poss1ble nonrepeating pairs of digits from the

series 1 to 9 was tested four times. On two of the trials for each pair

the larger digit was on the left-hadd side, on the other trials the larger

-

digit was on the right-hand side. Subjects were instructed to press the

»

button under the numerically larger digit as quickly as possible.

L , :
In order to be successful on thii task, a child must know the-

Y ordered sequence of digits and understand that ‘numbers which occur later in
. . " . )

| 5
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. “the sequence have larger quantities as their referents. C+ildren in all

of the age groups tested were ab{e to perform the task successfully "Older

-

children made fewer errors, as‘_hﬁwn in Table 1. However,;performance was

- . . |
significantly above chance “for each age level for comparisons @f each of
. . » ] 4

the 36 pairs of digits.';Addﬂtionally, the .relative distribution of errors

L4

.

]

. f &
across the 36 pairs was. similar at all age levels.
Figure 2' shows the pattern of decisiod times obserVed.for each age

‘group as-a function of the numericalfdifferenceﬂbetweendthe two digits
o to hé~compared, (The adult data shown in this.Figure are the/same data
that are'presented in Figure-l. Note that although the response timesvare’
. o .
slower for younger,children;-the basic pattern of decreasing decision

times with increasing numerical difference is present at all age levels.

These data provide support for. our a%gupent that youné children repreSent
- . \ . l

and compare digits in manner. qualitatively similar to. adults. That 1sr"
- \ - . N , .
digits are_represented in memory as quantities or,magnitudeg which are

/ 'j&nalogues‘df ph?sical stimuli, and that thése quantity analogues are com-

I3

pared ‘by a procéass which Moyer (1973) has termed an "internal psycho-

‘. -~
t . - .

'physiCS."

\ , v
' .

. . \ _
Further support for.this argument 1is provided when the cOmparison B
r\ Q . ’
t1mes at each age 1evel are correlated with the p\edictions of Welford'
PN

comparisons, as shown in Table 2 Th log of

.model for wsychophy31ca {

L/(L—S), the ratio of th 1arger digit in the pair to be compared on a
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e Welford equation is shown, as well as a computation of the same relatﬁon
- , . . - \\ v

for the data from Parkman's replication of Moyer and Landauer. On the
lowqr half of the slide the same currelation is computed for each of six

groups from our study. For each age levé& the correlation is similar to
AN — .
that observed in tHe previous studies with college student subjects.

-

A further illustration of the similarity between the judgment times

for the youngest and oldest subJects in our study is shown in pigure 3. " C
‘ .

por each age group the mean decision time for each of the 36 pairs of ot

digits wae transformed to a Z-score using the .overall mean and standard -~

N

.deviation for rhat age group. 'IniFigure 3, the decision_time for each K]

of the 36 pairs of digits obtained from adult subjects is plotted

. -~

. against those obtained from the pre-school subjects. The observed corre-

lation is'approximately .8. i

(We do not wish to.argue that there are Eg develapmental differences

- [

in number copcepts across the age range four years to twenty-two- years.

-~ . . .
v . N ‘ . : %

Howezer, there is a striking similarity in .the data from the judgment of
merical inequality task ac

guaititative

the ordered sequence of digits (the basis of the ordinal property ‘of

His age rarmge. ‘This_tash.taps knowledge

1

%

of the

basis of numbers. Even our youngest subjects knew

umbers) a/d they understood that numbers later in the series regresenf
- . -y
larger/quantities. Thede children are at an age where they are generally

‘unsuccessful on tasks requiring knowlege of the formal.properties of

g
»

¢ . adults. Furthéymore, these children are able to compare .the magnitudes

.

-
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. process used by adults which is very similar to a perceptual comparjison

X\process.. The decreasing mean and slope of¢thé decision time function &8\
_agelincreases may indicate &hat the analogpe:répresentations of number
‘become more discriminable with increasing age. "Alternatively this de-

.

‘ velopméntal difference may have.nothing to do with number concepts per. se,
- [} v . ' .
but rather indicate that comparison processes in general are slower for ¢
. N 4

younger children. In order to evaluate these two alternatives a develop-

. .
¢ -~

mental’ andlysis of perceptual éompgrison processes 1s necessary. This ’
B . T .
investigation is currently under way in our labpratory.

We feel that a consideration of quantity concepts and the quantitative
referent of number cpncepts is relevant for mathematics educators who

'

seek the psychologifal basis of number concept. ’
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TABLE 1

Overall percent errors in the judgment of numerical
inequality task (12 subjects ¥ 144 trials =
1728 observations at each grade level)

GRADE ' . PERCENT ERRORS

Adult ) 0.8.
5th _ 1.7
' 3rd L
st 3.6
,Kiddergaréen : 8.0
‘ Pre-school ] . B.f.
-
.
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SR -  TABLE 2 v R
- " L : '
.,f‘ m.Co;relqt§6ns between RT and log (L/(L-S)*
i#‘%f A R 'inrjgdgme t of numerical inequality studies
| E 14 KM Moyer & Landauer €1967)
‘ R Adilts 4 . r=.72
) - Parkman "(\1"97.1)«" NG .
L :..Adult':.s R oralo1
. t . ) ~
I ‘ _Riley, Hu & Hinrichs (1977) * ;,M3- '
' " Adules . ‘ r=.8 .
. ’a'. T e o 5th.Grade ) .5.= .81
“ ’ : | 3rd Cféde 90'\‘ ‘Z‘= .829'_~
. , . .
: ';st\Gfade o ‘_£'¥ .78
Kindé}garten ;Q -~ T -66.1
Pre—s;hool ' r =82 ‘
. i

*Welford (1960) equation for psychophysical
comparisons: RT = a + k log (L/(L-S))’
. - _L = stimulus with larger value in the paiy
to be compared, S.= stimulus with
smaller value-

"
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FIGURE 1. Harmonic mean dec;sion times find the larger of
. ‘ ) S .
) A two.digits|as a fligction of the numerical difference
- between th two;digits for adult subjects.
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P FIGURE 2. Harmonic mean'decision times to find the’larger of -
two digits as a function of the numerical differe?fe
. between the two digits for subjects at six grade
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Becision Time (msec)
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- Decision- Time (seconds)
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.~ Preschool

Kindergarten '
~ 1 st Grade

%~ 8th Gr.j:icie
% Adults

} \‘\'\.\.\‘\‘\k 3 rd Grade

1 273 4 5
| Difference
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Decision Times (Z scores)
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